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Abstract
The dart is a graph obtained from a 4-clique by removing one edge and adding a pendant
vertex adjacent to one vertex of degree three. An even pair is pair of vertices such that every
chordless path between them has even length. A graph is perfectly contractile if every induced
subgraph has a sequence of even-pair contractions that leads to a clique. We show that the
dart-free graphs satisfy the conjecture of Everett and Reed about the forbidden structures for
perfectly contractile graphs. Our proof yields a polynomial-time algorithm to recognize dart-free
perfectly contractile graphs.
c© 2003 Published by Elsevier B.V.
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1. Introduction
A graph G is perfect if every induced subgraph H of G has its chromatic number
(H) equal to the maximum size !(H) of the cliques of H . Berge [1] introduced
perfect graphs and conjectured the following characterization: A graph is perfect if and
only if it contains no odd hole and no odd antihole as an induced subgraph, where a
hole is a chordless cycle with at least ?ve vertices, and an antihole is the complement
of a hole. Graphs with no odd hole and no odd antihole have become known as Berge
graphs. This conjecture, known as the Strong Perfect Graph Conjecture, was proved
recently by Chudnovksy et al. [3]; thus every Berge graph is perfect. One of the
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most attractive properties of perfect graphs is that some problems that are hard in
general, such as optimal vertex-coloring and maximum clique number, are solvable in
polynomial time in perfect graphs by the algorithm of GrFotschel et al. [11]. However,
that algorithm is quite impractical and does not use strong combinatorial properties of
perfect graphs. So, an interesting open problem in this ?eld is to ?nd a combinatorially
“simple” polynomial-time algorithm to color perfect graphs. Unfortunately the proof of
the Strong Perfect Graph Theorem does not seem to lead to such an algorithm.
In such an algorithm, one may reasonably expect that some special structures of
perfect graphs will play an important role. An even pair in a graph G is a pair of
non-adjacent vertices such that every chordless path of G between them has an even
number of edges. The contraction of a pair of vertices x; y in a graph G is the process
of removing x and y, introducing a new vertex and making it adjacent to every neighbor
of x or y in G. We are particularly interested in even-pair contractions. Indeed, Fonlupt
and Uhry [10] proved that contracting an even pair in a perfect graph yields a perfect
graph with the same maximum clique number. In consequence, a natural idea for
coloring a perfect graph G is, whenever it is possible, to ?nd an even pair in G, to
contract it, and to repeat this procedure until a graph G′ that is easy to color is obtained.
By the result of Fonlupt and Uhry, that ?nal graph G′ has the same maximum clique
size as G and (since it is perfect) the same chromatic number. Also, each vertex of G′
represents a stable set of G. Therefore, one can easily obtain an optimal coloring of
G from any optimal coloring of G′. Experience shows that one may frequently expect
the ?nal graph to be a clique. Thus the question arises: does every perfect graph admit
a sequence of even-pair contractions leading to a clique? Unfortunately, the answer is
negative (the smallest counterexample is the complement of a 6-cycle).
Bertschi [2] proposes to call a graph G even contractile if it admits a sequence of
even-pair contractions leading to a clique, and perfectly contractile if every induced
subgraph of G is even contractile. The class of perfectly contractile graphs contains
many known classes of perfect graphs, such as the Meyniel graphs, the weakly trian-
gulated graphs and the perfectly orderable graphs, see [8].
In order to ?nd a characterization of and perhaps to get a grasp on the structure
of perfectly contractile graphs, Everett and Reed [9] made a precise conjecture. To
present it we need some technical de?nitions. Let us say that an edge is @at if it does
not lie in a triangle. A hole is a chordless cycle of length at least ?ve. An antihole is
the complement a hole. A hole or antihole is even (resp. odd) if it has an even (odd)
number of edges. We denote by Ck ( MCk) a hole (an antihole) on k vertices. Also, we
denote by Pk a chordless path on k vertices.
Denition 1 (Prism). A prism is any graph that can be obtained by subdividing the
Nat edges of MC6 in such a way that the three chordless paths between the two triangles
have the same parity. A prism is odd (resp. even) if the three paths are odd (even)
(see Fig. 1).
Conjecture I (Perfectly contractile graph conjecture). A graph is perfectly contractile
if and only if it does not contain as induced subgraph an odd hole, an antihole, or an
odd prism.
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Fig. 1. Prisms.
Fig. 2. A dart.
The “only if” part of this conjecture is not very hard to establish. Note that there is
no even pair in an odd hole (any two non-adjacent vertices are joined by an odd path)
or in an antihole (any two non-adjacent vertices in an antihole are joined by a P4). So
it suOces to check that every sequence of even-pair contractions from an odd prism
leads to a graph that is not a clique; this is less obvious but was done formally in [13].
This conjecture was proved true for planar graphs [13], for claw-free graphs [12]
and for bull-free graphs [7].
Here, we are interested in the dart-free perfectly contractile graphs. Recall that the
dart is the graph on ?ve vertices with degree sequence (4; 3; 2; 2; 1); in other words,
a dart is obtained from a 4-clique by removing one edge and adding a new vertex
adjacent to exactly one of the remaining vertices of degree three (see Fig. 2). We will
call tips of the dart its two vertices of degree two, the center of the dart the vertex of
degree 4 and body of the dart the two vertices of degree 3 and 4.
A graph is dart-free if it does not contain a dart as an induced subgraph. Dart-
free graphs were introduced by Chv&atal and Sun [15] proved that the Strong Perfect
Graph Conjecture is true for this class, that is, a dart-free graph is perfect if only if it
contains no odd hole and no odd antihole. Chv&atal et al. [5] proposed a polynomial-
time algorithm to recognize dart-free graphs. The problem of coloring in polynomial
time the vertices of a dart-free perfect graph using a purely combinatorial algorithm
remains open.
In this article, we prove that Everett and Reed’s conjecture on perfectly contractile
graphs is also true for dart-free graphs, that is:
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Fig. 3. Claws and double claws.
Theorem 1 (Main theorem). A dart-free graph is perfectly contractile if and only if
it contains no odd hole, no antihole, and no odd prism.
Moreover, we present a polynomial-time combinatorial algorithm to color optimally
these graphs.
To ?nish this section let us review some terminology and notation. We will denote
by NG(x) the subset of vertices of G to which x is adjacent; we will omit the subscript
G in this notation whenever no confusion is possible. Also, the complement of a graph
G will be denoted by MG.
Two vertices x; y of a graph G are twins if NG(x)−{y}=NG(y)−{x} (this de?nition
allows x and y to be adjacent or not, and accordingly we will speak of adjacent twins
or non-adjacent twins). If a graph G has a pair of twins x; y, we know that G is
perfect if and only if G − x (or G − y) is perfect, by Lov&asz’s Replication Lemma
[14]. We say that a vertex x dominates a vertex y if N (y)⊆N (x).
A claw is a graph isomorphic to K1;k with k¿3 (see Fig. 3). A double-claw is
a graph with vertices u1; u2; u3; v1; v2 and edges v1v2 and uivj (16i63, 16j62).
Adjacent twins x; y are called double-claw twins if they are the vertices v1; v2 in an
double-claw as above.
An odd pair of a graph G is a pair of vertices such that every chordless path between
them has odd length. If x; y are any two vertices in a graph G, the graph obtained
from the contraction of x and y is denoted by G=xy.
A vertex is simplicial if its neighbors are pairwise adjacent. A vertex in a graph G
is universal if it is adjacent to every other vertex in G.
The join of two vertex-disjoint graphs G1 = (V1; E1) and G2 = (V2; E2) is the graph
G with vertex-set V1 ∪V2 and edge-set E1 ∪E2 ∪F , where F is the set of all pairs
made of one vertex of G1 and one vertex of G2.
In order to prove our main theorem, we will use the decomposition structure found
by Chv&atal et al. [5]. It is presented in the next section.
2. Decomposition of dart-free perfect graphs
We present here the main results of Chv&atal et al. [5] and adopt the same terminol-
ogy. We call DART-FREE their algorithm to recognize dart-free perfect graphs.
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The initial step of algorithm DART-FREE is to remove one vertex from every pair
of twins in the graph. Dart-free graphs without twins have some special properties.
Denition 2 (Friendly graph, Chv&atal et al. [5]). A graph G is friendly if the neigh-
borhood NG(x) of every vertex x of G that is the center of a claw induces vertex-disjoint
cliques.
Theorem A (Chv&atal et al. [5]). Let G be a dart-free graph without adjacent twins.
If G and MG are connected, then G is friendly.
A characterization of friendly graphs is:
Theorem B (Chv&atal et al. [5]). A graph G is friendly if and only if it contains no
dart and no pair of double-claw twins.
Let G=(V; E) be a dart-free graph. The relation x≡y de?ned on V by x≡y ⇔
N (x)∪{x}=N (y)∪{y} is an equivalence relation. Let J be a subset of V obtained
by taking exactly |A| − 1 vertices from each equivalence class A of ≡ . We look at
G − J . Using Theorem A, one can ?nd in polynomial time a family F of pairwise
vertex-disjoint friendly graphs such that: (a) the elements of F are induced subgraphs
of G − J , and (b) G is perfect if and only if every element of F is perfect. This
family can be constructed as follows: ?rst, put G − J in F; then, as long as there
exists an element H of F such that either H or MH is disconnected, replace in F the
graph H by its connected components (if H is disconnected) or by the complements
of the connected components of MH (if MH is disconnected).
Now, the problem of deciding whether a dart-free graph is perfect is reduced to
deciding whether a friendly graph G is perfect or not. For this purpose, the graph G
must be decomposed further.
Denition 3 (Bat, Chv&atal et al. [5]). A bat is any graph formed by a chordless path
a1a2 : : : am and an additional vertex z adjacent to a1, ai, ai+1 and am for some i with
36i6m− 2 and to no other vertex of the path. Vertex z is the head of the bat, while
vertices a1 and am are its wing-tips. A graph G is bat-free if it does not contain any
bat as an induced subgraph.
Given a graph G and a vertex z, a z-edge is any edge whose endpoints are both
adjacent to z. The graph obtained from G − z by removing all z-edges is denoted by
G ∗ z.
Denition 4 (Rosette, Chv&atal et al. [5]). A graph G is said to have a rosette centered
at a vertex z of G if G∗z is disconnected and the neighborhood of z consists of vertex-
disjoint cliques.
Denition 5 (Separator). A separator S is a cutset with at most two vertices such that,
if S consists of two non-adjacent vertices, each component of G − S has at least two
vertices.
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Now, we recall a characterization of friendly perfect graphs and of bat-free perfect
graphs:
Theorem C (Chv&atal et al. [5]). Every friendly graph G containing no odd hole either
is bat-free, or has a clique-cutset, or has a rosette.
Theorem D (Chv&atal et al. [5]). Every bat-free friendly graph G containing no odd
hole either is bipartite, or is claw-free, or has a separator.
A decomposition of a graph G along special cutsets is de?ned as follows:
• Clique-cutset decomposition: Let C be a clique-cutset of G and B1; : : : ; Bk be the
components of G−C. We consider that the graph G is decomposed into the pieces of
G with respect to C, which are the induced subgraphs Gi =G[Bi ∪C] (i=1; : : : ; k).
• Rosette decomposition: Let us consider a rosette centered on a vertex z of G. We
consider that the graph G is decomposed into the graphs G1; : : : ; Gk ; H de?ned as
follows. Let B1; : : : Bk be the components of G∗z, and set Gi =G[Bi ∪{z}]. The graph
H is formed from G[N (z)] by adding vertices w1; : : : ; wk , where wi is adjacent to
N (z)∩Bi.
• Separator decomposition: If S is a separator of size one or two with its two vertices
adjacent, then it is a clique-cutset and the decomposition is as above. If S = {u; v} is
a separator of G with u; v non-adjacent, let B1; : : : ; Bk be the components of G − S,
and let P be a chordless path between u and v in G. If P is even, let Gi be obtained
from G[Bi ∪ S] by adding one vertex wi with edges to u and v. If P is odd, set
Gi =G[Bi ∪ S] + uv.
Algorithm BAT-FREE builds a decomposition tree T of a friendly graph G. At the
initial step, G is the root and the only node of the tree. At the general step, let Gk
be any node of T . If Gk can be decomposed by one of the special cutsets (clique or
rosette), then add in T , as children of Gk , the graphs into which it is decomposed.
More precisely, the clique-cutset decomposition is applied ?rst, if possible; the rosette
decomposition is applied only if the clique-cutset decomposition cannot be applied.
Since each leaf L of T is friendly and has no clique-cutset and no rosettes, by
Theorem C, either L is bat-free or G is not perfect. So, the algorithm continues by
examining the leaves of T in the following way. By Theorem D, each leaf L of T must
either be bipartite or claw-free, or contain a separator, for otherwise G is not perfect.
If L contains a separator, a separator decomposition is applied. When no separator
decomposition is possible, by Theorems C and D, G is perfect if and only if all the
remaining leaves of T are either bipartite or claw-free, which are, in the decomposition
terminology, the basic graphs. It is known from [5] that the number l(G) of leaves
(and thus the total number of nodes) in this decomposition tree is polynomial in the
size of the graph G.
The aim of the following sections is to study the classes of basic graphs with respect
to their perfect contractability. In each case, we are going to specify a sequence of
even-pair contractions that preserves some properties that will be used later.
In which follows, we will need another Theorem of [5] that relates the existence of
bats to the existence of clique-cutsets in a friendly graph. Let be B a bat in a friendly
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graph G and C the unique maximal clique that contains the triangle of B. The bat B
is called fragile if G − C separates the wing-tips of B.
Theorem E. Let G be a friendly graph containing no odd hole. If G contains a bat
with head z such that the two wing-tips of the bat belong to the same component of
G ∗ z then G and z have at least one of the following properties:
1. G contains a fragile bat with head z,
2. G contains a clique-cutset C such that z ∈C and some component of G−C includes
no neighbor of z.
3. The basic graphs are perfectly contractile
A graph G=(V; E) is a fat-bipartite graph if V (G) can be partitioned into two
non-empty sets V1 and V2 such that for each i=1; 2, every connected component of
the subgraph induced by Vi is a clique, and, for every component X of Vi (i=1; 2)
and for any two vertices x; y of X , we have either N [x]⊆N [y] or N [y]⊆N [x]. The
second condition means that there exists a total ordering ¡X on the vertices of X such
that x¡Xy implies N [x]⊆N [y].
Note that if G is a bipartite graph, it is fat-bipartite, with every component of Vi
(i=1; 2) of size one.
Fact 1. Let G be a fat-bipartite graph. Then G is perfectly contractile.
Proof. We prove this fact by induction on the number of vertices of G. Since every
induced subgraph of a fat-bipartite graph is fat-bipartite, we need only prove that G is
even-contractile.
First assume that V1 and V2 are both cliques. Let a be the maximal vertex in
(V1;¡V1 ) and z be the minimal vertex in (V2;¡V2 ). If a and z are adjacent then a is
adjacent to all of G−a; by the induction hypothesis, G−a is even-contractile, and it is
clear that any sequence of even-pair contractions that turn G−a into a clique is also a
sequence of even-pair contractions that turn G into a clique. Thus G is even-contractile.
If a and z are not adjacent then it is easy to see that a; z is an even pair, and that
G=az is fat-bipartite with the contracted vertex az adjacent to all other vertices; thus
we can apply induction again.
Now assume without loss of generality that V1 has at least two components. Let
A; B be any two components of V1. We may write r= |A|, s= |B|, A= {a1; : : : ; ar},
B= {b1; : : : ; bs} and assume that r¿s, ar ¡A · · ·¡A a1, and bs ¡B · · ·¡B b1.
Let x; y be any two non-adjacent vertices in V1, with x∈A and y∈B, and let P be
any chordless path from x to y; call x′ (resp. y′) the neighbor of x (resp. y) along
P. Using the de?nition of a fat-bipartite graph, it is easy to check that: (a) P cannot
have two consecutive vertices in V2; (b) P cannot have two consecutive vertices in V1
except maybe for x; x′ and for y; y′; (c) if x′¡Ax and y′¡By the vertices of P are
alternately in V1 and in V2, and thus P has even length.
Write G1 =G=a1b1 and, for each i=2; : : : ; s, write Gi =Gi−1=aibi. It follows from
(c) that a1; b1 is an even pair of G. More generally, it follows from (c) that, for each
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i=2; : : : ; s, ai; bi is an even pair of G − {a1; : : : ; ai−1; b1; : : : ; bi−1}; consequently ai; bi
is an even pair of Gi−1, because in that graph the contracted vertices a1b1; : : : ; ai−1bi−1
are all adjacent to both ai and bi. Thus G1; G2; : : : ; Gs is a sequence of graphs obtained
by a sequence of even-pair contractions starting from G. Furthermore, it is a routine
matter to check that Gs is a fat-bipartite graph, in which the components of V1 −
(A∪B) and of V2 remain the same, while A∪B is replaced by one component C =
{a1b1; : : : ; asbs; as+1; : : : ; ar} with ar ¡C · · · ¡C as+1¡Casbs ¡C · · · ¡C a1b1. The
induction hypothesis tells us that Gs is even-contractile, thus G is even-contractile.
Now, let us examine the case of claw-free graphs. Let G be a claw-free graph
without odd holes, antiholes and odd prisms.
Fact 2. If G is a claw-free graph without odd holes, antiholes and odd prisms, then
there is a sequence of even-pair contractions that turns G into a clique.
This fact was proved in [12], using results from [4,6]. For our purpose it is useful
to recall how the sequence of even-pair contractions is de?ned.
Chv&atal and Sbihi [6] proved that any claw-free perfect graph without clique cutset
must be either an “elementary graph” or a “peculiar graph”. A graph is elementary if
its edges can be colored with two colors so that every chordless path on three vertices
has its edges colored di+erently. A graph is peculiar if it can be obtained by taking six
pairwise disjoint non-empty cliques A1; B1; A2; B2; A3; B3 with all edges between them,
then removing at least one edge between Ai and Bi+1 (for each i=1; 2; 3), adding
pairwise disjoint non-empty cliques C1; C2; C3 and making every vertex in each Ci
adjacent to every vertex in Ai ∪Ai+1 ∪Bi ∪Bi+1 (all subscripts are modulo 3). Chv&atal
[4] proved that every peculiar graph without antiholes is perfectly orderable, hence
perfectly contractile.
Let us now suppose that G is elementary. It was proved in [12] that every elementary
graph that contains no odd prism is perfectly contractile. More precisely, it was proved
in [12] that every elementary graph that contains no odd prism contains a nice clique
X , that is, a clique whose neighborhood can be partitioned into two disjoint non-empty
cliques R and S with no edge between them; moreover, it is possible to order the
vertices of R= {r1; r2; : : : ; rt} and S = {s1; : : : ; sv} in such a way that NX (ri)⊆NX (rj)
whenever 16i6j6t, and NX (si)⊆NX (sj) whenever 16i6j6v. Setting G1 =G and
Gi+1 =Gi=risi, it is then possible to prove that every pair {ri; si} is an even pair in Gi
(i=1; : : : ;min{t; v}). Thus one can contract successively the pairs {r1; s1}; {r2; s2}, up
to {rj; sj} with j= min{t; v}. After these contractions are performed, the vertices of X
have comparable neighborhood and they admit an elimination ordering by simplicial
vertices. Moreover, another sequence of even pair contractions can be performed on
the basis of another nice clique of the resulting graph if it is not complete. Therefore,
the fact is proved.
4. Dart-free perfectly contractile graphs
This section is dedicated to the proof of Theorem 1.
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In this proof, we will use the decomposition of dart-free perfect graphs obtained by
the BAT-FREE algorithm. We organize this section following the steps of the decompo-
sition. First, we examine the friendly graphs.
4.1. Perfectly contractile friendly graphs
Theorem 2. A friendly graph G is perfectly contractile if and only if it contains no
odd prism, no antihole and no odd hole.
Proof. We can assume by the de?nition of friendly graphs, of perfectly contractile
graphs and by the result of Sun [15] that G is perfect. Therefore, there is a decom-
position tree T associated to G as described in Section 2 such that the leaves of T
are either bipartite or claw-free graphs and the cutsets applied to G are, in this order,
clique, rosette and separator cutsets. This proof is strongly based on this decomposition.
As observed at the beginning, no perfectly contractile graph can contain an odd hole,
an antihole, or an odd prism. Conversely, suppose that G has no odd prism, no antihole
and no odd hole as induced subgraph. We must prove that G is perfectly contractile.
By Theorem C, G either is bat-free or has a clique-cutset or a rosette. We are going
to check each one of these possibilities.
In what follows, for a friendly graph G with a given cutset C, we call B1; : : : ; Bk the
components of G−C and G1; : : : ; Gk the corresponding pieces, that is, Gi =G[Bi ∪C].
The next lemma [8, Lemma 5] proves Theorem 2 when G has a clique-cutset.
Lemma 1 (Everett et al. [8]). If G is any graph that a clique cutset and is such
that every proper induced subgraph of G is perfectly contractile, then G is perfectly
contractile.
The next lemma will prove the case when G is a perfect bat-free graph. Since we
follow the decomposition of dart-free perfect graphs, we can assume that G has no
rosette or clique cutset.
Lemma 2. If G is bat-free, then G is perfectly contractile.
Proof. We prove this lemma by induction on the number of leaves l(G) of the de-
composition tree T of G. Observe that the decomposition tree of a friendly graph Gi
that is a piece of G with respect to some cutset is the subtree of T rooted at node Gi,
and so we have l(Gi)¡l(G).
If l(G)= 1, then G is a basic graph and the following fact proves this case.
Fact 3. If G is bipartite or claw-free, G is perfectly contractile.
Proof. If G is bipartite, G is obviously perfectly contractile. If G is claw-free, since
G has no odd hole, no antihole, no odd prism and Conjecture I is true for claw-free
graphs [12], G is also perfectly contractile.
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Now, suppose that l(G)¿1. Since G is not basic, by Theorem D, G has a separator.
The following fact deals with this case.
Fact 4. If G has a separator S, then G is perfectly contractile.
Proof. Let S = {x; y} be a separator of G. If S is a clique, then G is perfectly con-
tractile, by Lemma 1. Therefore, suppose that x and y are not adjacent. Since G has
no odd hole, all the chordless paths from x to y have the same parity. So S forms
either an even pair or an odd pair of G. Let G1; : : : Gk be the pieces of G with re-
spect to S. Observe that the separator decomposition does not introduce odd holes,
odd prisms or antiholes. Moreover, the pieces of G with respect to S are friendly and
l(Gi)¡l(G), for i=1; : : : ; k. So, the induction hypothesis implies that G1; : : : ; Gk are
perfectly contractile.
First suppose that S forms an even pair of G. Clearly it is also an even pair of Gi,
16i6k, and N (wi)= {x; y} (recall that wi is the arti?cial vertex of Gi). Note that if
t is any vertex that does not belong to any separator of G, then t ∪N (t) lies in one
of the leaves of T , that is, t ∪N (t) lies a basic graph and must be either bipartite or
claw-free.
Let us examine the graph Gi=xy. It is known that the operation of even-pair con-
traction cannot introduce an odd hole, an odd antihole, or an even antihole of length
at least eight (see [8, Facts 5–7]). We claim in addition that Gi=xy contains no odd
prism. Suppose that it contains an odd prism; clearly, the contracted vertex xy must
belong to this prism; but then, replacing xy by one of x; y or by the path xwiy, we
obtain an odd prism of Gi, a contradiction.
Now we claim that Gi=xy − wi is dart-free. Suppose that this is not true and let us
label the vertices of Gi=xy−wi in such way that {a; b; c; d; e} induces a dart with edges
ab, ac, ad, cb, cd and ec. Since Gi is dart-free either xy= a or xy= c. Suppose ?rst that
xy= c. Since Gi is dart-free and x; y is an even pair, and by symmetry, we can assume
that xa; xb; ya; yd and xe are edges of Gi, and that yb and xd are not edges (possibly ye
is an edge). We have {wi; a; b; e}∈NGi(x), and {x}∪NGi(x) is neither a bipartite graph
nor a claw-free graph. Therefore, {x}∪NGi(x) cannot lie in a leaf of T . Observe that no
separator of Gi can separate the edge ab from wi. So, Gi must contain a separator {x; x′}
that separates the edge ab from the vertex e. Let us call G′i the piece of Gi that contains
ab and wi with respect to {x; x′}. The application of this separator will introduce
another arti?cial vertex w′ adjacent to x, and now {w′; wi; x; a; b}∈NG′i (x). Therefore,
again {x}∪NG′i (x) cannot lie in a leaf of T , a contradiction. Suppose now that xy= a.
Since Gi is dart-free and x; y is an even pair, and by symmetry, we can assume that
xb; xc; yc; yd are edges of Gi, and that yb; xd; xe; ye are not edges. Now, {c}∪NGi(c)
induces neither a claw-free nor a bipartite graph. So, {c}∪NGi(c) cannot lie in a leaf
of T . Therefore, Gi has a separator {c; c′} which leaves the set {b; x; wi; y; d} in the
same piece G′i of Gi with respect to {c; c′}. Again, the application of this separator will
introduce another arti?cial vertex w′ adjacent to c. Now, the set {b; x; y; d; w′; c} lies in
a leaf of T and induces a graph which is neither a bipartite graph of a claw-free graph, a
contradiction.
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Since Gi=xy−wi is perfect and friendly and l(Gi=xy−wi)¡l(G), then it is perfectly
contractile, for i=1; : : : ; k. Clearly, we can apply the sequence of even-pair contractions
of Gi=xy−wi to G=xy, and we obtain a triangulated graph, which is perfectly contractile.
By consequence, G is perfectly contractile and the lemma is proved.
Now, let us suppose that S is an odd pair. The pieces Gi of G with respect to S are
friendly and have no odd hole, no antihole and no odd prism. Since l(Gi)¡l(G), we
can apply the induction hypothesis and every piece is perfectly contractile. Recall that
the separator decomposition introduces an arti?cial edge between x and y in the pieces
of G. We claim that any sequence of even-pair contractions that turns Gi into a clique
G∗i introduces an edge between x and y. Suppose that this claim is false. Clearly, an
even pair of a piece Gi is also an even pair of G. So, we can apply the sequence
of even-pair contractions that turns Gi into a clique (G∗i ) to G. Let G
∗ be the graph
obtained at the end of this sequence of even-pair contractions. In G∗, x and y are not
mutually adjacent but they are adjacent to all the other vertices of G∗i . Let r be any
vertex of G∗i and P be a chordless path between x and y that lies in some Bj, j = i.
Since P is an odd path of G, rxPy is an odd hole of G∗, contradicting the theorem of
Fonlupt and Uhry [10]. So, the sequences of even-pair contractions that turn each Gi
to a clique are applicable to G and are mutually compatible. Therefore, by applying
these sequences to G, we obtain a graph which has a clique cutset (S) and such that
all the pieces with respect to this clique cutset are cliques. This graph is triangulated
and so perfectly contractile. By consequence, G is perfectly contractile.
The two facts above imply Lemma 2.
The next lemma proves Theorem 2 when G has a rosette.
Lemma 3. If G has a rosette centered at some vertex z, then: (i) Every piece of G
with respect to z is perfectly contractile; and (ii) G is perfectly contractile.
Proof. We recall that we denote by G1; : : : ; Gk and H the pieces of G with respect to
G ∗ z. Let us call weak any z-edge e such that G ∗ z + e is disconnected, and strong
any z-edge that is not weak. The disjoint cliques in the neighborhood of z are called
z-cliques. A z-clique K is then called weak if every z-edge of K is weak. If a z-clique
contains at least one strong z-edge, it is called a strong z-clique.
We prove Lemma 3 by induction on the number of vertices of G. The following
fact proves Part (i) of Lemma 3.
Fact 5. The pieces of G obtained from the rosette decomposition are perfectly
contractile.
Proof. Since G1; : : : ; Gk are induced subgraphs of G, they do not contain odd holes,
antiholes or odd prisms. So, since they are friendly, by the induction hypothesis they
are perfectly contractile. Now, let us examine H . By the de?nition, V (H)=W ∪N (z),
where W = {w1; : : : ; wk} is a set of additional vertices, one for each component of
G ∗ z. The edges of H are the edges of N (z) and the edges from wi to N (z)∩Bi
(i=1; : : : ; k).
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Since H is perfect, it contains no odd antihole and no odd hole. Observe that the
neighborhood of every wi ∈V (H) is a set of disjoint cliques. Thus no wi can be
contained in an even antihole of H . So, if there is an even antihole in H , it is contained
in N (z), but then it is also contained in G, a contradiction. Now, we prove that H does
not contain an odd prism. Suppose that H contains an odd prism S. Observe that no
vertex wi belongs to the triangles T1 = {x1; x2; x3} and T2 = {y1; y2; y3} of S, since the
endpoints of any edge in the neighborhood of wi form a pair of true twins in H . Thus
the triangles of S must lie in N (z) and in such a way that their vertices lie di+erent
pieces of G ∗ z. Let Pj = xj : : : yj (j=1; 2; 3) be the three disjoint odd paths of S. We
can obtain a chordless path P′j from Pj by replacing vertex wi of Pj by a chordless
path of Bi. Clearly, P′j is a chordless path of G and has the same parity as Pj. So,
the triangles T1; T2; T3 and the chordless paths P′1; P
′
2; P
′
3 form an odd prism of G, a
contradiction.
Finally we see that H is friendly; this follows from the observation that N (wi) is
a set of disjoint cliques for every wi, and that, for every vertex y∈NH (z), the subset
N (y) contains at most one wi and thus induces a claw-free subgraph. Since H is
friendly, has no odd prism, no odd hole, no antihole and H is smaller than G, by the
induction hypothesis H is perfectly contractile.
Let us denote by Kj the clique obtained from Gj by a sequence of even-pair contrac-
tions (j=1; : : : ; k). For a given i6k, let Gi be the graph resulting from the sequence of
even-pair contractions that is obtained, starting from G, by concatenating the sequences
of even-pair contractions that turn G1; : : : ; Gi into respectively the cliques K1; : : : ; Ki.
Let us denote Gk by G∗.
We prove the following two additional facts which, put together, ?nalize the proof
of Lemma 3: (i) G∗ is perfectly contractile; and (ii) when i¡k, the sequence of even-
pair contractions leading from Gi+1 to Ki+1 can be applied to Gi, that is, every even
pair in this sequence is also an even pair of Gi:
Fact 6. Let G∗ be the graph deCned as above. Then G∗ is perfectly contractile.
Proof. We start by proving some facts about the vertices of G∗. Each vertex x of G∗
represents a stable set of G, which we call S(x). We examine the di+erent types of
vertices in G∗ with respect to these stable sets. Let us say that:
1. A vertex x is of type I if S(x) contains no vertex of N (z).
2. A vertex x is of type II if it is not of type I and S(x) contains no vertex of a
strong z-clique.
3. A vertex x is of type III if it is not of type I or II.
Observation 1. In G∗, the vertices of type I or II are simplicial.
Proof. Let us consider the vertices of some Ki. If x is a vertex of type I, N (S(x))
is contained in Gi and so N (x) is contained in Ki, which is a clique. So, the result
follows. If x is a vertex of type II, S(x) contains two kinds of vertices: (a) vertices of
Gi which are not in N (z) and whose neighbors are entirely contained in Gi, and (b)
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vertices of N (z) belonging to weak z-cliques, whose neighbors are also entirely in Gi.
So, in G∗, N (x) is contained in Ki and again the result follows.
Now let us examine a vertex x of type III in G∗. We say that a strong z-clique
Q is represented by x if S(x) contains some vertex of Q. Call C(x) the set of strong
z-cliques represented by x.
Observation 2. In G∗, let x; y be two vertices of type III that belong to the same Ki.
Then, C(x)=C(y).
Proof. Suppose that two di+erent cliques Cr and Cs of N (z) (s = r) are represented
by vertices x; y that belong to one Ki. Let x1 (resp. y1) be the vertex of Cr (resp. Cs)
contained in S(x) (resp. in S(y)). Since Cr and Cs are strong z-cliques, they contain
vertices x2 and y2, respectively, that do not belong to Gi. Consider now the sequence
of even-pair contractions of Gi leading to the clique Ki, and apply it to G. Since x2xyy2
is a chordless path, any induced path between x2 and y2 in G−Gi must be odd. Thus
any induced path from x1 to y1 whose interior vertices lie in G−Gi must also be odd.
Let P be any induced path from x1 to y1 entirely contained in Gi − z. If P contains
a z-edge, then P + z is a bat whose wing-tips lie in one piece of G ∗ z. Theorem E
guarantees that G has either a fragile bat centered at z (with wing-tips x1 and y1)
or a clique cutset containing z. But both cases imply that G has a clique cutset, a
contradiction. So, P contains no z-edges and must also be odd. Therefore, P + z is an
odd hole, a contradiction.
Observation 3. In G∗, let x1, x2 and x3 be vertices of Type III. If {x1; x2; x3} induce
a triangle of G∗, then C(x1)∩C(x2)∩C(x3) is non-empty.
Proof. Suppose that C(x1)∩C(x2)∩C(x3)= ∅. This implies that the even-pair con-
tractions introduce an odd hole in G∗ (namely the triangle {x1; x2; x3}), which implies
that G contains an odd hole, a contradiction.
By Observation 2, any two vertices x; y of G∗ that belong to the same Ki are adjacent
twins.
At this point, we want to prove that G∗ is friendly and has no even antihole and no
odd prism. Since none of these structures has a universal vertex or a simplicial vertex,
we can consider the graph G∗∗ obtained from G∗ by removing all universal vertices
and all simplicial vertices. So, in G∗∗, all the vertices are of type III.
Observation 4. The graph G∗∗ contains no odd prisms.
Proof. Suppose that it does, and let T1 = {x1; x2; x3} and T2 = {y1; y2; y3} be the two
triangles of an odd prism M . Call Pj the induced path between xj and yj in M
(j=1; 2; 3). By Observation 3, C(x1)∩C(x2)∩C(x3) is not empty, so G contains a
triangle X of a clique Cx represented by x1, x2 and x3. Similarly, G contains a trian-
gle Y of a clique Cy represented by y1, y2 and y3. Since every vertex of each Pj is
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obtained by the contraction (it is of type III) of even pairs belonging to the same
Gi, we can undo these contractions and insert induced even paths of Gi (hence of G)
linking these vertices, in order to obtain an odd prism of G, a contradiction.
Observation 5. The graph G∗∗ contains no antiholes.
Proof. Suppose that G∗∗ contains an antihole MCk . Since G∗∗ has no odd prism, no
odd hole and no odd antihole, we have k¿8. So, G∗∗ has an induced subgraph F
with vertices v1, v2, v3, v4, v5 of type III and edges v1v2, v2v3, v3v4, v5v1, v5v2,
v5v3, v5v4. By observation 3, there exist disjoint z-cliques in G lying in the non-
empty intersection of the set of cliques represented by the vertices of each triangle.
Let us call them T1 = {t15; t12; t11}, T2 = {t22; t25; t23} and T3 = {t33; t35; t34} (where tij
stands for a vertex of Ti that is in S(vj)), such that C(v1)∩C(v2)∩C(v5) contains T1,
C(v2)∩C(v3)∩C(v5) contains T2 and C(v3)∩C(v4)∩C(v5) contains T3. Also, there
are no adjacent twins of G in {v1; : : : ; v5} (because they belong to an antihole of G),
so there exists in G a piece G1 such that v5 belongs to K1, a piece G2 such that v2
belongs to K2, and a piece G3 such that v3 belongs to K3. So, in the piece H of the
rosette decomposition, there is a vertex w1 adjacent to vertices t15, t25 and t35 of T1,
T2 and T3, respectively, whose contraction in G1 has produced v5. Also, H contains
a vertex w2 adjacent to vertices t12 and t22 of T1 and T2, respectively, whose con-
traction in G1 has produced vertex v2. Finally, H contains a vertex w3 adjacent to
vertices t23 and t33 of T2 and T3, respectively, whose contraction in G3 produced v3.
But now w1t15t12w2t22t23w3t33t35w1 induce an odd hole of H . Thus G is imperfect, a
contradiction.
Observation 6. The graph G∗∗ is friendly.
Proof. Suppose that there is a vertex v5 in G∗∗ that is the center of a claw and whose
neighborhood does not induce disjoint cliques. So, there exist vertices v1; v2; v3; v4 in
N (v5) and edges v1v5, v2v5, v3v5, v4v5, v2v3, v3v4, with v2 and v4 being non-adjacent
vertices. So, {v1; v2; v4} is a stable set.
By Observation 3 and since every vertex in G∗∗ is of type III, there exist disjoint
z-cliques T1 = {t11; t15}, T2 = {t25; t22; t23} and T3 = {t35; t33; t34} in G (where tij stands
for a vertex of Ti that is in S(vj)) such that C(v1)∩C(v5) contains T1, C(v2)∩C(v3)∩
C(v5) contains T2 and C(v3)∩C(v4)∩C(v5) contains T3). Since G∗∗ has no simplicial
vertex and v2 and v3 are not adjacent twins, there exists in G a component G5 such that
v5 belongs to K5, a component G2 such that v2 belongs to K2, a component G3 such
that v3 belongs to K3, and a component G1 such that v1 belongs to K1. So, in H , there
is a vertex w5 adjacent to vertices t15, t25 and t35 of T1, T2 and T3, respectively, whose
contraction in G5 has produced v5. Also, H contains a vertex w2 adjacent to vertices
t22 and ti2 of T1 and some other strong z-clique Ti, respectively, whose contraction in
G2 has produced vertex v2. Moreover, H contains a vertex w3 adjacent to vertices t23
and t33 of T2 and T3, respectively, whose contraction in G3 has produced v3. Finally, H
contains also a vertex w1 adjacent to vertices t11 and tj1 of T1 and some other strong
z-clique Tj whose contraction in G1 produced v1.
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Since T2 is not a clique cutset, there is an induced path P joining w1 to w2 and
containing no vertex of T2. The path P must be even since w2t22t25w5t15w1 is an even
induced path between w1 and w2 without possibility of chords from P. Moreover,
since T1, T2 and T3 are strong z-cliques, P contains no z-vertices adjacent to w3. So,
w1t11t15w5t35t33w3t23t22w2Pw1 is an odd hole of H . Since H is not perfect, neither does
G, a contradiction.
Now, since G∗∗ is friendly, contains no odd prism and no antihole, by the induction
hypothesis, G∗∗ is perfectly contractile. Hence, since G∗∗ was obtained from G∗ by
removing universal and simplicial vertices, G∗ is perfectly contractile.
Fact 7. Let Gi and Gi+1 be the graphs deCned above. Then the sequence of even-pair
contractions that turns Gi+1 into a clique can be applied to Gi.
Proof. The graph Gi+1 is friendly as it is a subgraph of G, and so it admits a de-
composition tree as de?ned in [5] and recalled above. Actually the decomposition tree
of Gi+1 is the subtree of the decomposition tree of G rooted at node Gi+1. We prove
Fact 7 by induction on the number l(Gi+1) of leaves in the decomposition tree of Gi+1.
Let x; y be an even pair which is going to be contracted in the sequence of Gi+1.
If x; y is not an even pair of Gi, there must exist an odd induced path P= x1 · · · xk ,
with x= x1 and xk =y, which is not entirely contained in Gi+1. Let xj ∈Gi+1 (resp.
xm ∈Gi+1) be vertices of P such that the interior vertices of P[xj; xm] are not in Gi+1
and j¡m. Note that x and y are di+erent from z.
Clearly, xj and xm are neighbors of z. We claim that the subpath P[xj; xm] has
even length. To check this, observe that xj and xm are in the same component of a
rosette decomposition. If every induced path from xj and xm that lies entirely in that
component contained a z-edge, then Theorem E would imply that G had either a fragile
bat centered at z (with wing-tips xj and xm) or a clique cutset containing z. But both
cases would imply that G has a clique cutset, a contradiction. So P[xj; xm] has even
length. Let xi (resp. xl) be the neighbor of z on P that is closest to x (resp. to y).
Since P[x; xi] + z + P[xl; y] is an induced path between x and y, then P[x; xi] and
P[xl; y] have the same parity. So, one of P[xj; xi] or P[xl; xm] is odd. We can assume
without lost of generality that P[xj; xi] is odd and so xj = x and xj = xi.
Suppose ?rst that l(Gi+1)= 1. Then Gi+1 is a basic graph. If z is a universal vertex
in Gi+1, then, clearly, any sequence of contractions of Gi+1 − z that can be applied
to Gi is also a sequence of contractions of Gi+1 that can be applied to Gi. So, let us
assume that z is not universal in Gi+1.
If Gi+1 is claw-free graph and an elementary graph, we consider the sequence of
even-pair contractions suggested by Linhares Sales and Ma+ray [12], whose general
rule is to contract the neighborhood of nice cliques, as explained in the proof of Fact 2.
Suppose that A, B and C are cliques such x∈A and y∈B and C is a nice clique having
A and B as neighborhood.
Observe that the neighborhood of z consists initially in exactly two disjoint cliques A
and B, and so z is a nice clique. Suppose ?rst that C = z, that is x and y are neighbors
of z (xi = x and xl=y). In this case, j=2. Since x and xj are in the same component
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Gi+1, xxj is not a strong z-edge. So x2x3 must be a strong z-edge. Since xj cannot be
a contracted vertex (because that would imply that z had more than two cliques in its
neighborhood) then x2 is adjacent to x, a contradiction, since P is an induced path.
Now suppose that C = z. Since Gi+1 is a claw-free graph, then xi = xj−1. Observe
that xixj is not a strong z-edge. So, xj+1xj must be a strong z-edge. Therefore xj+1 is
adjacent to xi, a contradiction since P is an induced path. To complete this case, we
claim that Gi+1 cannot be peculiar. Since z belongs to Gi+1 and the neighborhood of
z is not a clique, z cannot belong to a clique of type C in a peculiar graph. On the
other hand, since the neighborhood of z is a set of edge-disjoint cliques, z does not
belong to a diamond of Gi+1 and therefore it cannot belong to a clique of type A or
B of a peculiar graph. Thus our claim is proved.
Let us examine now the case when Gi+1 is a fat-bipartite graph. Let V1 and V2
be the two parts of Gi+1 in the bipartition. We consider the sequence of even pair
contractions suggested in the proof of Fact 1. Recall that P[xi; xj] is an odd induced
path.
Suppose ?rst that xi and xj belong to di+erent partitions of Gi+1, say V1 and V2
respectively. If z ∈V1, then xm ∈V2, since xm is not adjacent to xi. Also, P[y; xm] has
the same parity of P[x; xi]. By consequence, x and y are in di+erent partitions, since xm
and xi are in di+erent partitions. So, V1 and V2 are both cliques, a contradiction since
xj and xm cannot be adjacent. Now, suppose that xi and xj are in a same partition, let
us say, V1. Since P[xi; xj] is odd, they must be adjacent and then x= xi. Since xixj is
not a strong z-edge, then xjxj+1 is. It implies that z is adjacent to xj+1 and so xj must
be a contracted vertex. According to the sequence of contractions suggested in Fact 1,
if y∈V1, then xj should be contracted to y instead xi. So, y∈V2 and V1 and V2 are
both cliques. By the choice of x and y, x is a maximal vertex in (V1;¡V1 ) and y is
a minimal vertex in (V2;¡V2 ). So y is adjacent to xj, a contradiction.
Let us now assume that the number l(Gi+1) of leaves in the decomposition tree
of Gi+1 is strictly greater than 1. By Theorems C and D, Gi+1 has a clique cutset,
a separator or a rosette. Among all these cutsets of Gi+1, let us consider a cutset
C that maximizes C ∩ ({z}∪N (z)). By induction hypothesis, if H1; : : : ; Hp are the
pieces of Gi+1 with respect to C (even if C a clique-cutset or a separator, since these
cases were already treated), then the even pair {x; y} of Hd+1 is an even pair of
Hd (d=1; : : : ; p − 1). Let us suppose the existence of the induced odd path P from
x to y as already described. Since P[xi; xj] + z is an odd hole then some edge of
P[xi; xj] is a weak z-edge. It must be the edge xixi+i, for otherwise, if z sees any other
edge of P[xi; xj], then z+P[xi; xj] contains a bat centered at z whose wing-tips belong
to a same component of G ∗ z. Then Theorem E would imply that G has either a
fragile bat centered at z or a clique cutset containing z. In both cases, G would have
a clique-cutset, a contradiction.
Now ({z}∪N (z))∩Gi+1 contains both a claw and a triangle. We claim that z cannot
be separated from N (z)∩Gi+1, and by consequence the existence of P contradicts the
perfectness of G as there is a leaf of the decomposition tree T of G that is not a
basic graph. So let us suppose that our claim is false. Therefore, Gi+1 contains some
authorized cutset (clique, rosette or separator) that separates vertices xj and xm from
the edge xixi+1.
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We observe that the edge zxi+1 is not a strong xi-edge in the case that there exists
a rosette of Gi+1 centered at xi, since P[xi+1; xj] + z is path joining xi+1 to z and
containing no xi-edge. On the other hand, suppose that xiz is either a clique cutset or
a strong xi+1-edge in the case that there exists a rosette centered at xi+1. Then xi and
{z; xm} lie in di+erent pieces of Gi+1, and the existence of P[x; xi] and P[y; xm] imply
that x and y lie in di+erent pieces of Gi+1, a contradiction. Note also that if Gi+1 has
a separator such that {xi; xi+1} and {xj; xm} lie in di+erent pieces of Gi+1 with respect
to this separator, then the separator must consist of z plus some vertex of P[xi; xj].
However, this would imply that x and y lie in di+erent pieces of Gi+1, a contradiction.
The remaining possibility is when zxi+1 is a clique cutset of Gi+1. Due to our choice,
we have C = {z; xi+1}. Let us then suppose that Hl is the piece of Gi+1 with respect to
C that contains x; y; xi and xi+1. We should consider two possibilities for Hl: (1) the
sets {xi; xi+1} and {x; y} lie in di+erent pieces of Hl with respect to some authorized
cutset of Hl (in this case, Hl is not basic); (2) either Hl is basic or the sets {xi; xi+1}
and {x; y} lie in a same basic piece of Hl with respect to some authorized cutset
of Hl.
In the ?rst case, let us call H ′l and H
′′
l the pieces of Hl that contain {xi; xi+1} and
{x; y}, respectively. Recall that, by the de?nition of the cutsets, each piece has at least
one vertex that does not lie in the cutset C′ that generated the piece. Therefore, there
exists an induced path Q from x to y, entirely contained in H ′′l , and whose interior
vertices do not lie in C′. Then Q + P[x; xj] + P[y; xm] is an induced path from xj to
xm with exactly one z-edge, i.e., it is a bat centered at z whose wing-tips lie in one
piece of G ∗ z. By Theorem E, G has either a fragile bat or a clique cutset; but both
cases contradict the fact of G has no clique cutset.
In the second case, the existence of the triangle {z; xi; xi+1} implies that Hl is a
claw-free graph. Using the same arguments as above in the case where Gi+1 is a
basic claw-free graph, we can conclude that Hl is not peculiar. Therefore, since we
are considering the sequence of even pair contractions suggested in Lemma 2, there
exists a vertex w which is adjacent to both x and y (w belongs to a nice clique whose
neighborhood is being contracted). Suppose, ?rst that w = z. Since z sees xj, xm and
xixi+1 on the path w + P[x; xj] + P[y; xm], if xi+1 does not see w, then G has a bat
whose wing-tips lie in the same piece of G ∗ z. By consequence, either G has a fragile
bat centered at z or G has a clique-cutset (Theorem E); but both cases imply that G
has a clique cutset, a contradiction.
So, xi+1 sees w, and this is possible only if x= xi since the neighborhood of w
induces two cliques and one of them contains y. But then the vertices z; xi; xi+1; xi+2; w
induce a dart in Gi+1, a contradiction.
Finally, suppose that w= z. In this case we have x= xi and y= xm. Let Q= q1; : : : ; qs
be any induced path from x to y other than xzy (q1 = x and qs=y). Since z sees
xi; xi+1; xj and xm, if Q + P[xi; xj] was an induced path, G would have a bat centered
at z whose wing-tips lie the same piece of G ∗ z; again, Theorem E would imply that
G has either a fragile bat or a clique cutset; but both possibilities would contradict
the fact of G has no clique cutsets. Therefore, Q + P[xi; xj] is not an induced path
and the only possible chords are from xi+1 to vertices of Q. Recall that Q + z is a
hole, thus an even hole. Since xi+1 sees one edge of this hole, it cannot see only
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one vertex of Q, for otherwise G would contain an odd hole. However, since Hl is
claw-free, xi+1 cannot see two non-adjacent vertices on Q. Therefore xi+1 sees exactly
one edge of Q, say the edge qrqr+1. If r¿2, then Q[x; qr]+ xi+1 is an even hole. Thus
Q[qr+1; y] has odd length. Now, xxi+1qr+1 + Q[qr+1; y] is an induced odd path from
x to y, a contradiction. If r=2, then xi+1qr+1 + Q[qr+1; y] + yzxi+1 is an odd hole, a
contradiction.
All these contradictions imply that the edge xixi+1 cannot be separated from
vertices xj and xm by any authorized cutset of Gi+1. So our claim is proved, and
the odd induced path P from x to y does not exist. The proof of Fact 7 is now
complete.
Now, Facts 5–7 imply that G is perfectly contractile and therefore Lemma 3 follows.
Finally, Lemmas 1, 2 and 3 together imply Theorem 2.
4.2. An algorithm
Now we give the outline of an even-pair contraction algorithm for a friendly graph
G without odd holes, antiholes or odd prisms. The algorithm has two main steps:
constructing the decomposition tree, then contracting even pairs in a bottom-up way
along the tree.
In the ?rst step, the algorithm uses a queue Q that initially contains only G. While
Q is not empty, a graph G′ of Q is dequeued and the following sequence of steps are
executed at the same time that a decomposition tree T is being built:
1. If G′ has a clique-cutset C, put the pieces of G′ with respect to C in Q; repeat the
?rst step.
2. If G′ has a rosette centered at z, put in Q all the pieces of G′ with respect to the
rosette; except H ; repeat the ?rst step.
3. If G′ has a separator {a; b}, then let G1; : : : ; Gk be the pieces of G′ with respect to
the separator. If {a; b} forms an even pair, contract a and b, put Gi=ab− wi in Q,
for i=1; : : : ; k; repeat the the ?rst step. If {a; b} forms an odd pair, put Gi + ab in
Q, for i=1; : : : ; k; repeat the third step.
The second step examines the tree decomposition T in a bottom-up way. For each
leaf G′ of T , we have:
1. If G′ is a bipartite graph, then a sequence of even-pair contractions that turns G′
into a K2 is easily obtained.
2. If G′ is a claw-free graph, then a sequence of even-pair contractions that turns
G′ into a clique can be obtained by applying the algorithm described in [12] and
recalled in the proof of Fact 2.
Now, since every leaf is a clique, we can glue the leaves by the cutsets that produced
them, following the tree decomposition. Three cases appear:
1. Suppose that G1; : : : ; Gk are the pieces produced by a separator {a; b}. Since G1; : : : ;
Gk are cliques, glueing G1; : : : ; Gk by {a; b} (more exactly, by vertices that corre-
spond to a and b) produces a graph with a clique-cutset and such that every piece
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is a clique. This is a special kind of triangulated graph, in which a sequence of
even-pair contractions leading to a clique can easily be obtained.
2. Suppose that G1; : : : ; Gk are the pieces produced by a rosette and let G′ be the graph
obtained by glueing all these pieces (which are cliques) according to the rosette.
Let G′′ be the graph obtained from G′ by removing (i) every vertex that sees all
the other vertices, and (ii) every vertex whose neighbors form a clique; it is easy
to check that any sequence of even-pair contractions for G′′ yields a sequence of
even-pair contractions for G′. Moreover, we can prove that G′′ is friendly and bat-
free; so it must either have a separator or be a bipartite graph or a claw-free graph.
Thus, an additional step of decomposition and contraction will give us the desired
sequence of even-pair contractions for G′′.
3. Suppose that G1; : : : ; Gk are the pieces produced by a clique-cutset. Again, the graph
G′ obtained by glueing these pieces along the clique-cutset is a triangulated graph
for which a sequence of even-pair contractions that turns it into a clique can be
easily obtained.
Finally, we can obtain a sequence of even-pair contractions for G by concatenating
all the sequences mentioned above.
Proof of Theorem 1. Suppose that G is a dart-free graph with no odd hole, no antihole
and no odd prism. If G has no adjacent twins and G and MG are connected, then G is
friendly and so, by Theorem 2, perfectly contractile.
We now examine the case when G has adjacent twins and/or G or MG is disconnected.
We construct this proof in three steps. First, we modify slightly the construction of
family F described in Section 2. As we have seen, F was obtained from a dart-
free graph without twins. In opposition to perfectness, twins cannot be ignored for the
question of perfect contractability (it would follow from Everett and Reed’s conjecture
that replication preserves perfect contractability; but no proof of this fact is known).
However, by Theorem B, we need only remove double-claws from a dart-free graph
G to be able to construct a family of friendly graphs from G. It is not hard to see
that if a dart-free graph G, such that G and MG are connected, contains a double-claw,
then it must contain double-claw twins (see the proof of theorem A in [5]). So we can
restate Theorem A as follows:
Theorem F (Chv&atal et al. [5]). Let G be a dart-free graph without double-claw twins.
If G and MG are connected, then G is friendly.
Therefore, instead of removing all the twins of a dart-free graph G, we are going
to consider a dart-free graph G′ obtained from G by removing only the double-claw
twins, in the following way: initialize G′=G and J = ∅; as long as G′ has a pair of
double-claw twins x; y, set G′=G′ − x and J = J + x.
Observe that if G contains no odd prism, no antihole and no odd hole, then neither
does G′. Let us consider now the family F′ obtained from G′ in a similar way as F
was obtained from a dart-free graph without twins in the previous section.
The second step of our proof is to examine each friendly graph of F′, to add
back the twins (if any) of its vertices, and to prove that the resulting graph is
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perfectly contractile. Observe that if G′ contains no odd prism, no antihole and no
odd hole, then so does every friendly graph in F′. So, by Theorem 2, every mem-
ber of F′ is perfectly contractile. For each F ∈F′, denote by JF the set of double-
claw twins of vertices of F , and by F + JF the graph obtained by adding back the
twins in F .
Lemma 4. If F is a perfectly contractile friendly graph, then F + JF is perfectly
contractile.
Proof. The main idea of this proof is to use the decomposition of friendly graphs and
to examine the addition of twins in view of this decomposition. Each of the following
observations proves that given a perfectly contractile friendly graph, the addition of
double-claw twins preserves the perfectly contractability. Observe that if a graph F
does not contain an odd hole, an antihole or an odd prism, then so does F + JF .
Observation 7. If a member F of F′ is either bipartite or claw-free, then G[V (F) +
JF ] is perfectly contractile.
Proof. If F is bipartite, then the graph G[V (F) + JF ] is a fat-bipartite graph, and
Fact 1 implies that it is perfectly contractile. If F is claw-free, then G[V (F) + JF ] is
also claw-free, and Fact 2 implies that it is perfectly contractile.
Now, let us suppose that {a; b} is a separator of F . Let A= {a; a1; : : : ; al} and
B= {b; b1; : : : ; br} (r¿l¿0) be the sets of twins of a and b respectively. Clearly
F − (A+ B) is disconnected, so we will call the pair A; B a generalized separator of
F . Accordingly to {a; b} being an even or an odd pair, we will de?ne in next lemma
the pieces of a generalized separator.
Observation 8. Let F be a member of F′. If F has a separator and every piece
of the generalized separator {A; B} of G[V (F) + JF ] is perfectly contractile, then
G[V (F) + JF ] is perfectly contractile.
Proof. If {a; b} is an even pair, then A and B are cliques such that every pair of vertices
ai ∈A and bj ∈B form an even pair in G[V (F) + JF ]. Assume that |A|= r and |B|= l
(l6r) and relabel the vertices of A as a1; : : : ; ar and the vertices of B as b1; : : : ; br .
We claim that every pair {ai+1; bi+1} is an even pair in the graph Gi obtained from
G[V (F) + JF ] by contracting {aj; bj}, for every j6i (G1 =G[V (F) + JF ]). Observe
that all the induced paths between {ai+1; bi+1} in Gi that do not contain any contracted
vertex ajbj (j6i) are even since they are induced paths of G1. On the other hand,
every induced path between ai+1 and bi+1 that contains a contracted vertex has length
two. So, {ai+1; bi+1} is an even pair of Gi.
Now we contract the following sequence of pairs, in this order: {a1; b1}; : : : ; {al; bl}.
The result is a graph with a clique-cutset C ∪R, where C consists of the l contracted
vertices and R is made of the r− l remaining vertices of B. For each piece F1 of this
graph with respect to C, the graph F1−R is isomorphic to a piece of F=ab with vertex
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ab replicated l times. This fact, together with the fact that all the pieces of F with
respect to {a; b} are perfectly contractile, and with the induction hypothesis, implies
that G[V (F)+ JF ] is perfectly contractile and has a sequence of even pair contractions
as desired.
If {a; b} is an odd pair, the pieces are obtained di+erently. Let F ′1; : : : ; F ′k be the
components of F − {A; B}. The pieces Fi are obtained as follows: the set of vertices
of Fi is V (F ′i ) + A+ B and the set of edges of Fi is E(F
′
i ) + E(A) + E(B) +U where
U is a set of special edges, called green edges, that link every vertex of A to every
vertex of B.
We can suppose for the purpose of this proof that each piece is indecomposable,
since if it is not the case, we can recursively apply this observation. Therefore each
piece is either fat-bipartite or claw-free.
Clearly, Fi is isomorphic to a piece of F − {a; b}, except that a, as well b, has a
set of twins. Since we have already proved that each piece of F − {a; b} is perfectly
contractile, so is Fi. Moreover, we can easily see that each even pair of Fi is an even
pair of the whole graph.
Now, let us consider the sequence of even-pair contractions that turns Fi (i¡k)
into a clique. For each even-pair of Fi which is being contracted, if the contraction
generates a parallel edge to a green edge, we remove the green edge and keep the new
edge in the obtained graph. At the end of the sequence of contractions, the obtained
clique K(Fi) has a certain number of green edges.
If Fi is fat-bipartite, then Fi minus its green edges, that is G[F ′i + A + B], is also
a fat-bipartite graph with A and B in di+erent partitions, and so, by Fact 1, it can
be contracted into a graph having two cliques V1, V2 such that any two vertices of
Vi have comparable neighborhoods. This observation implies that the graph K(Fi)∗
obtained from K(Fi) by removing its remaining green edges has two cliques A∗ and
B∗ whose vertices are comparable by neighborhood inclusion (observe that the vertices
of A, resp. B, have been contracted to vertices of A∗, resp. B∗). Therefore, the graph
K(Fi)∗ is perfectly contractile.
If Fi is claw-free, we adopt again the sequence of contractions suggested by
Linhares Sales and Ma+ray [12] which always starts by contracting the neighborhood
of a nice clique. Then, we start the sequence of even pair contractions of Fi by con-
tracting the vertices in the neighborhood of A. Observe that NFi(A) induces exactly
two disjoint cliques: B and a clique C which is equal to NF′i (A). Let us call b1; : : : ; br
the vertices of B and c1; : : : ; cs the vertices of C. We contract the even pairs {bi; ci}
(i=1; : : : ;min{r; s}). After these contractions the vertices of A become simplicial. If
r6s, all the green edges disappear. If r¿s, then some green edges may remain, but it
is easy to see that any two vertices of A have comparable neighborhood in the graph
minus the remaining green edges. In the sequence of contractions suggested by Lin-
hares Sales and Ma+ray [12], the vertices of A are simplicial and are removed from
the graph. Here we keep all the vertices of A and B in the graph. At the end of the
sequence of even pair contractions, we obtain a graph having a clique and possibly
some simplicial vertices (the vertices of A).
Now, let us consider the sequence of even pair contractions of every piece Fi (i¡k)
following the method described above.
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We claim that every even pair of Fi for i¡k is an even pair of the graph obtained
from G[V (F)∪ JF ] by applying the sequences of even pair contractions that turn every
Fj (j¡i) into a clique K(Fj). Let us suppose that {x; y} is a pair of non-adjacent
vertices of Fi. Observe that every induced path P between x; y belonging to Fi satis?es
one of the following: either it does not contain any green edge, and in this case it is
a path of G[V (F)∪ JF ]; or it contains a green edge ab, and in this case every path
P′ obtained from P by replacing ab with an induced odd path of F ′l (l¿i) between a
and b has the same parity as P.
The next step will be to glue K(Fi)∗ (i=1; : : : ; k − 1), that is K(Fi) minus its
remaining green edges, with F ′k + A + B by the vertices corresponding to vertices of
A and B. Let us call Fk the obtained graph. Let us remove from Fk all the simplicial
vertices. Since the vertices of A and B have now comparable neighborhood, if F ′k is
claw-free, then Fk is also claw-free. If F ′k is fat-bipartite, then, even if Fk is not a
fat-bipartite graph, the same sequence of even pair contractions suggested in Fact 1
can be applied to Fk since the neighborhood of A and B are comparable by inclusion.
We just have to choose the vertex of A that dominates every other vertex of A to be
a1. Therefore, G[V (F) + JF ] is perfectly contractile, as claimed.
Observation 9. If a member F of F′ has a clique cutset C, then G[V (F) + JF ] is
perfectly contractile.
Proof. Let x be a vertex of F and t(x) be a vertex of JF such that x and t(x) are
double-claw twins. Then, G[V (F) + t(x)] contains a clique-cutset (which is C + t(x)
or C); each piece of F + t(x) with respect to this clique-cutset is an induced subgraph
of G′ and therefore it contains no odd hole, no antihole and no odd prism.
So, by using the same arguments as in the inductive proof of Lemma 1, the observation
follows.
If F has a rosette centered at a vertex z and z= x, we can generalize the rosette
cutset in the following way: remove the subset Z = {z′ | z′≡ z} and all the z-edges,
and construct the pieces F1; : : : ; Fk and H as before, except that Z (instead of z alone)
is included in every piece. Let us call this cutset a generalized rosette. It is clear that
G[V (F) + JF ] has a generalized rosette.
Observation 10. If a member F of F′ has a rosette, then G[V (F) + JF ] is perfectly
contractile.
Proof. First observe that the pieces F1; : : : ; Fk of the generalized rosette decomposition
are induced subgraphs of G[V (F)+JF ]. Moreover, F1; F2; : : : ; Fk and H can be proved
to contain no odd hole, no antihole and no odd prism, by the same arguments as those
used in the proof of Fact 5. Therefore, all the pieces are perfectly contractile.
Now, we can use the same arguments as those used in the proof of Fact 7 to prove
that an even pair of Fi+i is also an even pair of G[V (Fi) + Z], by considering the
decomposition of Fi+1 as we did for Gi+1 and Observations 7–9, leading to the case
when G[V (Fi+1) + JF ] is not basic.
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So let F ′′ be a graph obtained from G[(V (F)+Z] by contracting each of these pieces.
Observe that F ′′ was obtained in the same way as F∗ was obtained in Lemma 3, i.e.,
as a set of cliques Ki (Ki is the clique obtained from Fi by even-pair contractions) all
of them being adjacent to the vertices that represent Z . Then, the same arguments as
in Lemma 3 can be applied to F ′′ in order to prove that it is perfectly contractile, and
therefore so is G[V (F) + Z].
These observations together imply that if every friendly graph is perfectly contractile,
then so does every friendly graph with double-claw twins. The proof of Lemma 4 is
complete.
The third and last step of the proof of Theorem 1 is the following lemma:
Lemma 5. A dart-free graph G′ without double-claw twins is perfectly contractile if
and only if every friendly graph H of F′ is perfectly contractile.
Proof. Suppose that G′ is perfectly contractile. Since each member of F′ is an in-
duced subgraph of G, it is perfectly contractile. Conversely, suppose that each member
H of F′ is perfectly contractile. Let us consider an even pair {x; y} of H . Since
NG−H (x)=NG−H (y), {x; y} is also an even pair of G. So, we can consider the se-
quence of even-pair contractions for G obtained by concatenating the sequence of
even-pair contractions of each member of F′. After applying these sequences of con-
tractions to G′, we obtain a graph which is a set of disjoint cliques. This graph is
clearly perfectly contractile.
Finally, given a dart-free graph G that contains no odd hole, no antihole and no
odd prism, we obtain a graph G′ that contains no double-twins and is decomposable
into friendly graphs. By Theorem 2 these graphs are perfectly contractile, and by
Lemma 4, adding the twins to these graphs preserves their perfectly contractability.
So, the modi?ed family F′ is a set of perfectly contractile graphs. By Lemma 5, G
is perfectly contractile, and the proof of Theorem 1 is now complete.
As a conclusion (and as an answer to a referee), we want to point out that there
exist dart-free graphs with no odd hole, no antihole and no odd prism in which the
contraction of any possible even pair yields a graph that contains a dart; for example,
consider the graph made from a hole on six vertices by duplicating each vertex. Thus
any algorithm that would merely ?nd one even pair and contract it would be confronted
with the complication arising from the fact that the resulting graph is not dart-free. This
may explain why our algorithms here are somewhat more complex to describe and to
justify.
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